Let E be a real separable Banach space, E * the dual space of E, and Ω ⊂ E an open bounded subset, and let T :
Introduction and preliminaries
In 1934, Leray and Schauder generalized Brouwer's degree theory to an infinite Banach space and established the so called Leray-Schauder degree. It turns out that the Leray-Schauder degree is a very powerful tool in proving various existence results for nonlinear partial differential equations. As a result a very natural problem arises: For what kinds of mappings can we establish a degree theory? Such a problem has been studied by many authors. For example there are degree theories for non-compact mappings such as k-set contraction mapping, condensing mapping, A-proper mapping, L-compact mapping, etc. We refer the reader to [3, 6, 7, 10, 11, [15] [16] [17] [18] . Since 1983, a degree theory for monotone type mappings in reflexive Banach spaces, such as mappings of class (S + ) or (S + ) L and their perturbations with monotone type mappings, has been extensively studied by many authors; see [1, 2, 4, 5, 8, 9, [12] [13] [14] 19] and the references therein. In this work, we study the degree theory for monotone type mappings in non-reflexive Banach spaces. To be precise, we first state the following definitions. Definition 1.1. Let E be a Banach space, and E * the dual space of E, and we do not distinguish between the zero in E and E * .
A set-valued operator T : (i) Tx is bounded closed and convex for each x ∈ D(T ),
(ii) T is strong-weak star upper semicontinuous in each finite dimensional space, i.e., for each finite dimensional space F
E * is upper semicontinuous in the strong-weak star topology,
, and h ∈ Tx 0 . If h = 0, then we call T a mapping of class (S + ) 0,L . Remark 1. If E is reflexive, then one can easily check that the mapping of class (S + ) L in Definition 1.2 is the same as in [8] ; see also [12, 13] 
is a bounded sequence such that
Proposition 1.4. If L is dense in E, then the duality mapping J is a mapping of class
It is easy to see from the first inequality above that x j → 0. Notice that Jx is a weak star compact convex subset in E * , so the finite dimensional strong-weak star upper semicontinuity can be easily checked. Therefore, J is a mapping of class (S + ) 0,L . 
By compactness of P, we may assume that g j ∈ g 0 in E * by taking subsequences. Thus we have lim sup
In the remainder of this work we will construct a degree theory for mappings of (S + ) L type.
Construction of the degree theory
In this section, E is a real separable Banach space, E * the dual space of Proof. Suppose that the conclusion is not true. Then there exists x n k ∈ ∂Ω ∩ D(T ) ∩ F n k such that 0 ∈ T n k x n k , i.e., there exists f n k ∈ Tx n k such that 0 = j *
Since T is a mapping of class (S + ) 0,L , it follows that x n k → x 0 ∈ ∂Ω ∩ D and 0 ∈ Tx 0 , which is a contradiction. This completes the proof.
Lemma 2.3. Let T be as in Lemma 2.2; then there exists an integer N
Proof. First, by Lemma 2.2, there exists an integer n 0 > 0 such that
T . Notice that the finite dimensional strong-weak star upper semicontinuity of T implies that T n is upper semicontinuous. By Ma [15] , deg(T n , Ω ∩ D(T ) ∩ F n , 0) is well defined. Suppose that the conclusion is not true. By Lemma 2.1, there exist 
Essentially the same reasoning as in Lemma 2.3, guarantees that there exist two integers 
). In view of Lemmas 2.1-2.4, we may define the topological degree
In general, if T is a mapping of class (S + ) L and p ∈ T (∂Ω ∩ D(T )), then we can define the topological degree
Theorem 2.5. Let E be a separable Banach space, L a dense subspace of E, Ω ⊂ E an open bounded subset and let T :
defined above has the following properties: Proof.
(1)- (3) follow easily from the definition and the properties of degree theory in finite dimensional spaces.
We only need to prove (4) . Assume that (F j ) ∞ j=1 is a sequence of finite dimensional subspaces of L with L ⊆ ∪ ∞ j=1 F j = E. We claim that there exists an integer N > 0 such that
is a homotopy of mappings of class (S + ) 0,L , we get x n k → x 0 ∈ ∂Ω ∩ D and 0 ∈ T t 0 x 0 , which is a contradiction. Thus the claim is true. Now, for each n > N, we know from the homotopy property of degree theory in finite dimensional space that deg(T t,n , Ω ∩ D ∩ L ∩ F n , 0) is a constant for t ∈ [0, 1], where T t,n = j * This completes the proof.
